Some results about the geodesic boundary of minimal surfaces in H 2 × R are generalized for surfaces of constant mean curvature surfaces H, with 0 ≤ H ≤ 1/2.
Introduction
In this paper we study curves in the geodesic boundary of H 2 ×R which are the geodesic boundary of properly embedded surfaces in H 2 × R with constant mean curvature between 0 and 1/2. The question begins with the minimal surfaces that have been heavily studied in geometry particularly since the second half of the twentieth century. In principle our first motivation is the work of B. Nelli and H. Rosenberg [12] , where they proved that given a Jordan curve Γ in ∂ g (H 2 ) × R that is graph over ∂ g H 2 , there is a C 2 function u : H 2 → R such that its graph is a minimal surface and its asymptotic boundary is Γ. Also, in 2008 R. Sa Earp and E. Toubiana [15] build a family of curves with more specific features on the ∂ g (H 2 ) × R which are also boundary of minimal surface: Theorem 1.1 Let be a, b ∈ R, q 1 , q 2 equatorial arc in ∂ g H 2 and σ the edge of the rectangle q 1 , q 2 × [a, b] with q 1 = q 2 , b − a π. Then there is a properly embedded minimal surface Σ such that its geodesic boundary is σ.
In the two previous cases the constructed curves are boundary of minimal surface in H 2 × R, these type of curves are formally defined by Kloeckner, B. and Mazzeo, R. in [11] : they are called minimal fillable. A curve is minimal fillable if it is geodesic boundary of properly embedded minimal surface in H 2 × R, where "curve" means Jordan curve or union of disjoint Jordan curves. In the same paper they present examples of minimal fillable curves in ∂ g (H 2 ) × R as follows: Proposition 1.2 Let σ ⊂ ∂ g (H 2 ) × R be a curve, and assume that every p ∈ ∂ g (H 2 ) × R\σ can be separated from σ by the boundary ∂ × Σ p of a properly immersed minimal surface Σ p .Then σ is minimally fillable. We need to point out that the orientation considered in this case is that one that points "inwards" to H 2 × R when it achieves the curve at infinity. We remark that the only situation that "inwards" does not make sense is when the mean curvature vector is parallel to the factor R of H 2 × R in the prescribed geodesic boundary, but in this case we would have something geting the boundary ∂ g (H 2 ×R) in some sense parallel to a slice H 2 ×{c}, where c is a real constant. The only constant H ∈ [0, 1/2] that admits this behavior at infinity is H = 0, where the orientation is meaningless.
From the definition of H−fillable we present two propositions 3.4 and 3.2, which provide examples but also serve as a tool for proof of the Theorem 4.1; such a theorem brings the classification of all H-fillable curves(Corollary 4.3) on ∂ g (H 2 × R), which is a generalization of the minimal fillable classification. Another important corollary of Theorem 4.4 is as follows:
The corollary leads us to study Theorem 4 of B. Nelli and H. Rosenberg in [12] mentioned at the beginning because the corollary guarantees that a function where its graph have constant mean curvature H (CMC-H) explodes to infinity when approaching the boundary ∂ g H 2 . In order to adapt the Theorem 4 of [12] to CMC-H surfaces we need to define the product boundary over the geodesic boundary of the H-cap graphs built by P. Klaser, R. Soares and M. Telichevesky in [10] and we get: Theorem 1.5 Given H ∈ (0, 1/2], let be Γ ⊂ S H × R continuous Jordan curve such that Γ is vertical graph on S H . So there is a vertical graph Σ on H 2 with constant mean curvature H such that, ∂ g Σ = Γ.
Here S H = ∂ g H-cap, a complete CMC-H surface in H 2 × R that is Defined in Section 3. We can also point out that the S H × R product boundary opens up the possibility to study more points in the infinity at each "height" l H (slope in ∂ g (H 2 × R) -it is precisely defined in the next Section); as a result we have a new motivation to further characterize CMC-H surfaces and also the task of finding new examples for all H-fillable possibilities on the new boundary.
Geodesic compactification and Product compactification
In this section we present the notation that we will use throughout the text also the definitions of the two compatifications. Let be M a manifold Hadamard [3] the rays geodesic are geodesics γ : [0, +∞] → M with |γ ′ (t)| = 1. Two geodesic rays γ 1 , γ 2 are asymptotic if ∃C 0 such that
The relation ∼ called asymptotic is a equivalence relation. The asymptotic boundary, or geodesic boundary (as we call in this work), of M is defined as ∂ g M := {geodesic rays}/ ∼, first introduced by Eberlein and O'Neil [3] .
The equivalence class of a ray γ will be denoted as [γ] . The following proposition [3] has as consequence the good definition of the geodesic boundary, in addition fixing p ∈ M there is a one-to-one correspondence between the unitary sphere S p ⊂ T p M and ∂ g M, Also is [3] it is defined a topological compactification of a Hadamard manifold. For this purpose there are defined the "truncated cones" be the closed unit ball at T p M, whose board ∂B(p, 1) = S p , so M g is compact, this topological compactification will be called geodesic compactification.
In this text we will focus on the manifolds of Hadamard H 2 × R, precisely we will describe the geodesic compactification
The geodesic rays in the product manifold H 2 ×R have one of the following forms: γ = (γ 1 , γ 2 ), where γ 1 and γ 2 are geodesic rays at H 2 and R respectively; γ = {a} × R + , {a} × R − where a is a point in H 2 ; or simply γ = γ 1 × {b} with γ 1 a geodesic ray in H 2 and b a real number.
From now on, we denote by p − and p + the equivalence classes of the geodesics of the form {a}×R − and {a}×R + , respectively, calling these points as poles. We also use the word "equator" to the set of points in ∂ g (H 2 × R) that are de equivalence classes of geodesics of constant height; notice that there is a natural identification of this set with the geodesic boundary of H 2 ; for abuse of notation we will denote the equator by ∂ g H 2 .
is not a product, often denote their points for ordered pairs because inherit the notion of product of H 2 × R.
An important remark is that geodesics in R are of the form β = a + mt, so equivalence classes can be identified with geodesic slope, that is [β] ≡ m, so any element of ∂ g (H 2 × R)\{p + , p − } can be noted as (γ, m), where γ is geodesic ray in H 2 and m slope of a geodesic at R, the poles can be denoted as p + = [(p, +∞)], p − = [(p, −∞)] see Figure 1 .
The "vertical lines" in ∂ g H 2 × R connecting p + to p − going through p ∈ ∂ g H 2 are called Weyl Chamber and will be noted as W (p), that is, given p ∈ ∂ g H 2 , Weyl Chambers's open and closed interval will be used more frequently throughout the text, in which case the notation is W [m 1 ,m 2 ] (p)(open and closed depends on context) where m 1 e m 2 is the initial and final slope in the second factor of each geodesic ray (possibly being ± infinity).
Remark 2.3 Note that the product H 2 × R is compact with the product topology, in which case the boundary would be the set ∂ g H 2 × R thus getting another compactification for H 2 × R called product compactification and the notation will be
The product boundary on the geodesic boundary is reduced to the equator ∂ g H 2 and the two poles {p + , p − }, more details see [11] .
Invariant surfaces and H-fillable curves
In [11] the authors have defined the minimal fillable curves, in this text we present a definition of H−fillable curves for 0 H 1/2, that is: In the following we present the graphs of some functions in H 2 and their respective geodesic boundaries, inspired in the work of P. Klaser, R. Soares and the second author [10] .
If Ω ⊂ H 2 and u : Ω → R is a C 2 function such which graph
is a constant mean curvature surface in H 2 ×R (with mean curvature vector pointing downwards), then it is well known that u satisfies the elliptic quasilinear PDE
where div and ∇ are those ones defined by the riemannian metric of H 2 . Chosing functions that are defined in terms of the distance function s of H 2 to a circle (that may be assumed to be a point, the circle of radius 0), a horocircle or an hypercicle it is possible to construct surfaces that are invariant by a 1−parameter of elliptic, parabolic or hyperbolic isometries, respectively. More precisely:
In this case s : Ω → R is the distance to the circle of radius r centered in o, ∂B r (o), and satisfies ∆s(x) = coth(r + s(x)) for all x ∈ Ω.
Parabolic graphs: If p ∈ ∂ g H 2 is a point in the geodesic boundary of H 2 and D is a fixed horodisc having p as boundary point, then chosing Ω = H 2 \ D one has s the distance to ∂D, a horocicle passing through p, and s satisfies ∆s(x) = 1.
Hyperbolic graphs: Let us chose (the image of a) geodesic γ. Here it is convinient to consider the "distance to γ with sign", in the following sense: γ splits H 2 in two connected components Ω − and Ω + , one of them, say Ω + , containing in its asymptotic boundary a previously chosen point q. In all of the three cases, we chose u = φ • s : Ω → R and therefore the PDE (1) gives rise to the ODE
In the following we briefly describe some of the obtained invariant surfaces (see more details in [10] ) and also we emphasize the geodesic boundary of each graphs. Such geodesic boundaries provide the first -and almost all -examples of H−fillable curves.
The unduloids H-und r and the caps H-cap
Let us start with the rotational surfaces. The first case that we consider is the distance function to a circle of positive radius r centered at o ∈ H 2 . Solving (2) with initial condition φ ′ (0) = −∞, we find the general expression φ(s) = H-und r (s):
defined in [0, +∞) for 0 ≤ H ≤ 1/2. For abuse of notation, we also denote by H-und r what we call "H−unduloid": the CMC−H surface obtained gluing together the graph of u = H-und r • s and its Alexandrov reflexion around the slice H 2 × {0}. The name "unduloid" was first given in [10] and it is inspired in the homonym surfaces of R 3 .
The next rotational surface is the "H−spherical cap", denoted again by the same word H-cap of its profile function. It is the surface of revolution obtained under the conditions r = 0 and φ ′ (0) = 0 in the equation (2):
If 0 ≤ H ≤ 1/2 then H-cap is an entire graph; in addition lim s→∞ H-cap(s) = −∞
Geodesic boundary of H-und and H-cap
To simplify notation, the circle in ∂ g (H 2 × R) that corresponds to all geodesic rays in H 2 × R with slope m in the factor R will be denoted by ∂ g H 2 × {m}. An important constant that will appear from now on is defined for 0 ≤ H ≤ 1/2, given by
where l H is given by (5) . where H-und r is given by (3). We will describe the geodesic boundary to graph Σ − . Let q ∈ Σ − . Then we have q = (x, H-und r (x)), for x ∈ Ω. If x varies along some geodesic ray γ starting at o, then it converges (w.r.t. the cone topology) to the point x :
To see what happens with the seccond component of q, it is enough to see behavior of the derivate d ds (H-und r (s)) in the infinity:
Thus, for any geodesic [γ] fixed in ∂ g H 2 the geodesic β(t) = (γ(t),
Making the Alexandrov reflection in the graph Σ − we obtain the complete surface Σ = H-und r and it is immediate that ∂ g (Σ) = ∂ g (H 2 ) × {−l H , l H }.
For ∂ g H 2 × {−l H } is enough to take the geodesic boundary to H-cap and for ∂ g H 2 × {l H } we consider its reflection around the slice H 2 × {0}, concluding the proof 2.
The horounduloids H-und ∞
The H--horounduloids are H−surfaces obtained with rotations around a point p ∈ ∂ g H 2 : they are invariants under the parabolic isometries that fix p. These H--surfaces are graphs of functions defined outside a horodisc, whose level sets are horocycles that pass throught p. To find them we solve (1), but in this assuming that the solution depends on the distance s to a fixed C ∞ horocycle containing p; in this case ∆s = 1 getting the ODE
that can be solved with initial condition φ ′ (0) = −∞, in order to get the profile function
where 0 ≤ θ ≤ π is such that cos θ = (2H − 1)e −s − 2H.
The H-horosuperficie around with waiste C ∞ is the surface obtained by gluing (by Alexandrov reflection) the graphs H-und ∞ • s and −H-und ∞ • s.
Geodesic boundary of H-und ∞
The following result is that the geodesic boundary of H-horosuperficie is not H−fillable (because it is not a curve in the sense that we are considering) but gives ideas of what happens to surfaces that have fixed and known points on the geodesic boundary.
, then there is a properly embedded surface with constant mean curvature surface Σ such that ∂ g Σ = σ, where p ∈ ∂ g H 2 and l H =
Proof. Let p ∈ ∂ g H 2 , also be the rotational surface with domain outside a horodisc centered on p, ie,
Using the same argument that the one in Proposition 3.2, we get that ∂ g H 2 × {−l H } is a subset of the geodesic boundary of Σ − . Furthermore, for any fixed s ≥ 0 we have that (p, (H-und ′ ∞ (s))) also belong to the geodesic boundary (since all the level sets pass by p), thus
Since all possibilities to get to ∂ g H 2 are considered, equality in fact holds. Making a reflection gives the desired result. 
Hyperbolic surfaces
Finally we present the surfaces that are invariant under a 1−parameter family of hyperbolic isometries in H 2 , as defined in [10] .
As observed in Section 3, in this case we consider the distance to a geodesic or a hyperciclea curve β r -that is at distance r to a geodesic. The initial value problem that is solved in this case is
and graph of the φ will be denoted by H-hiper.
Assuming r > − tanh −1 (2H) =: R H , the ODE solution (8) is
H-hiper r has similar properties to H-und r , more details in [10] .
Geodesic boundary of H-hiper
The rectangles of Proposition 2.1 in [15] are minimally fillable curves used as barriers in [11] , in the case of H−fillable curves we build curves which in the particular case of H = 0 coincide with those rectangles; these curves are also used as barriers in subsequent results. In the following proposition we show that the geodesic boundary of the H-hiper are like rectangles; the most interesting is that their heights (slopes in ∂ g (H 2 × R)) depend on the curvature, being zero for H = 0 and infinite for H = 1/2.
Given q 1 and q 2 distinct points at ∂ g H 2 we denote by q 1 , q 2 one of the arcs in ∂ g H 2 defined by them, that is, the closure of one of the connected components of ∂ g H 2 \ {q 1 , q 2 }. When there is no ambiguity, we do not specify explicitely which arc is considered.
Proof.
Following the same ideas as the previous proofs we build the hyperbolic surface generated by the geodesic γ with endpoints q 1 , q 2 , said surface is the graph
Again for 0 H 1/2 we get
Also note that q 1 , q 2 are fixed for all curves of level at the function distance to γ in consequence
Again all possibilities to get points at geodesic boundary of H 2 are considered, proving the desired result after the Alexandrov reflection. 
H−fillable curves classification
The previous results allow us to have intuition that the geodesic boundary of the surface in H 2 ×R with constant mean curvature H ∈ [0, 1/2] is determined by H, increasing from the equator when H = 0 to the poles (as H → 1/2). The following results show precisely which curvature H gives the parameters to classify the properly embedded CMC−H surfaces in H 2 × R. ii . ∂ g Σ ∩ W [−l H ,0] (q) (analogous for l H and W [0,l H ] (q)) is either empty or a closed interval containing (q, −l H ).
Proof.
For proof (i) first lets assume that ∂ g Σ ∩ W [−∞,l H ] (q) is not empty and we will prove that (q, −l H ) ∈ ∂ g Σ, after will proved that the intersection is a closed interval.
Suppose the intersection is at a point below −l H , this is,
Let be c an equatorial arc such that c × −l H contains (q, −l H ) and is contained in V, will called q 1 , q 2 the extremes of c and γ the geodesic in H 2 that connect q 1 to q 2 . There is R H > 0 such that β R H × R have constant mean curvature H, where β R H is the hypercicle equidistant to γ of distance R H , for the result 3.4 in the half space of H 2 ×R determined by β R H × R there is a complete properly embedded CMC−H surface S, which is the union of the graph {(p, H-hiper r (s))} and its reflection, such that
Let be S t vertical translation of S, which are variations of the positive and negative components of the graph {(p, H-hiper r (s) + t)}. As in the proof of Proposition 3.4, the geodesic boundary of S t depends on the derivative of H-hiper with respect to s, then the ∂ g S t is independent of t, thus for c × −l H small enough and a vertical translation S t 0 we have S t 0 ∩ Σ = ∅, for ease of notation we say S ≡ S t 0 . Note that {S t } t∈R covers all half space determined by β R H × R, but geodesic boundaries are fixed, therefore the first point of contact between S t and Σ must be interior of the surfaces. By the maximum principle we get a contradiction, thus (q, −l H ) ∈ ∂ g Σ, figure 5.
Figure 5:
Now we will prove that ∂ g Σ ∩ W [−∞,−l H ] (q) is a interval containing (q, −l H ). Using the idea of [11] , we will assume that there is (q, h) ∈ W [−∞,−l H ] (q)\∂ g Σ and some h ′ < h such that (q, h ′ ) ∈ ∂ g Σ, as before there is U neighborhood of (q, h) in H 2 × R g that does not intersect Σ.
We define the set F = {(a, t) ∈ H 2 × R|t hs} where s is the distance of a to the origin.
Figure 6:
Define Σ ′ = Σ ∩ F and note that ∂ g Σ ′ intersects ∂ g (H 2 × R) just below the slope h, in addition there is the equatorial arc c with c × {h} ⊂ U such that the half space determined by c does not intersect the interior boundary of Σ ′ . Taking R H > 0 and the same family of verticals translations {S t } in the half space of H 2 × R determined by β R H × R so that S 0 ∩ Σ ′ = ∅, we can adapt the previous argument and find a first point of contact between Σ ′ and some S t , getting a contradiction, figure 6 .
The barriers in this case will be the H-cap, remember that H-cap is a graph on H 2 , negative, with descending derivative and geodesic boundary ∂ g H 2 × {−l H }. Let's consider the S t = {(p, H-cap + t)} vertical translations that have fixed geodesic boundary.
Let c equatorial arc such that q ∈ c, γ geodesic that connecting to extremes of c, taking a that belongs the half space determined by γ in H 2 and the graph S = H-cap around a so that S 0 ∩ Σ = ∅, after doing the vertical translations {S t } to find the last point of contact for some S t in the half space determining for γ × R in H 2 × R. The arc c can be chosen small enough for such point to exist, this is, the intersection of Σ with the half space determining for γ × R in H 2 × R be a graph.Thus we get a contradiction, therefore (q, −l H ) ∈ ∂ g Σ, figure 7. In the following we prove that ∂ g Σ ∩ W [−l H ,0] (q) is a interval containing (q, −l H ). Suppose (as in (i)) that there is (q, h) ∈ W [−l H ,0] (q)\∂ g Σ and some h ′ < h such that (q, h ′ ) ∈ ∂ g Σ, also there is a neighborhood U of (h, q) in H 2 × R g that does not intersect Σ, as before we do the same construct so that gives the Σ ′ surface, choosing c equatorial arc small enough that c × r ⊆ U and that the intersection of Σ ′ with the half space determined by c in H 2 × R is a graph. Finally construct the H-cap around a ∈ H 2 in the half space determined by c in H 2 , after doing the vertical translations S t we get a last point of contact as in the first part a contradiction, therefore ∂ g Σ ∩ W [−l H ,0] (q) is a closed interval containing (q, −l H ). We can adapt the same argument for −H-cap which completes the proof .
In this text the geodesic boundary studied are H−fillable curves and according to the theorem 4.1 the H−fillable curves run through by the Weyl Chambers and can only turn on the sets ∂ g H 2 × {−l H , l H } and the poles. In other cases we could have surfaces with geodesic boundary more complex, for example the surface presented by Folha A. and Rosenberg H. in [6] where the geodesic boundary is the whole ∂ g H 2 × R. Also [11] in the Theorem 5.7 presents an example of a minimal surface with geodesic boundary being a strip of ∂ g (H 2 × R). The following corollary shows all possible H−fillable curves in ∂ g (H 2 × R). 
ii . The union of arcs with height l H (or −l H ) with Weyls Chambers intervals from l H (−l H ) to p + (or p − ).
iii . Theorem 5.1 (Theorem 4 [12] ) Let Γ be a continuous Jordan curve in ∂ g (H 2 ) × R, that is a vertical graph. Then, there exists a minimal vertical graph on H 2 having Γ as asymptotic boundary. The graph is unique.
Which can also be understood as the existence of minimal fillable curves on the product boundary, after in [9] is made a solution of the Liouville type problem in R n + , n ≥ 2 for minimal surfaces.
Theorem 5.2 (Theorem 1.1 [9] ) Let n ≥ 2 be an integer and u ∈ C 2 (R n + ) ∩ C(R n + ) be a solution of
where l : R n → R is an affine function. Assume that u : R n + → R has at most a linear growth, which means there exists a constant K > 0 such that |u(x)| ≤ K(|x| + 1) f or any x ∈ R n + . Then u is an affine function.
In this case the solution on the boundary is an affine function. In this article we extend the result of [12] to CMC−H surfaces in H 2 × R and we would not have affine solutions on the boundary as in [9] but continuous functions going to infinity with slope l H .
A way of understooding these surfaces is the following: the geodesic boundary for minimal graphs are the equator ∂ g H 2 ×{0}, then to have a better notion of their behavior we may consider the product boundary ∂ g H 2 × R. In this product, as mentioned above, graphs of continuous functions defined over ∂ g H 2 are the geodesic boundary of minimal graphs over H 2 .
In the other hand, the case of CMC−H surfaces with 0 < H < 1/2, the geodesic boundary explodes as it approaches ∂ g H 2 (Corollary 4.4), then the product boundary (∂ g H 2 ) × R is useless. An alternative to this problem is to consider another kind of product boundary that occurs at "height" l H , where we expect that many different graphs of CMC-H converge too. In order to distinguish them we consider the product defined below: Definition 5.3 Let 0 ≤ H < 1/2 be given and S H = ∂ g H-cap be the geodesic boundary of H-cap; we define the product compactification to H-cap as H-cap × R with product boundary S H × R.
Theorem 5.4 Let 0 H < 1/2 and Γ ⊂ S H × R be a continuous Jordan curve such that Γ is vertical graph on S H . Then there is a vertical graph Σ on H 2 with constant mean curvature H such that ∂ g Σ = Γ.
Before starting the proof, we introduce some useful notation: if ρ the hyperbolic distance to the origin of H 2 in the disk model D = {0 ≤ x 2 +y 2 < 1}, we also define the disks D n = {0 ≤ x 2 +y 2 < 1 − 1 n } and finally define disks with height H-cap(ρ n ) that is D ρn = {(x, y, H-cap(ρ n ))/x 2 + y 2 < ρ n } ⊂ H 2 × R, where ρ n = 2tanh −1 (1 − 1 n ), see figure 9.
Figure 9:
Proof. As was done by [12] , will used exhaust of the disk D using the D n disks. For each n we have its corresponding disk D ρn , also Γ n the vertical graph C 2,α converging to Γ when n → ∞. Setting the Killing field ∂ z to H 2 × R there is a graph of Killing Σ n over D ρn such that ∂Σ n = Γ n for every n view [1] , in addition Σ n is also graph over D n , that is, Σ n is graph of a function u n : D n → R where u n is C 2,α . Remember that S H is the geodesic boundary of H-cap will constructed a uniformly limited sequence in compacts of H-cap from the sequence {u n }, as follows: 
where D H-cap n is the graph of H-cap on disk D n and s = d H (p, 0). Note that u n = u n − H-cap. { u n } is uniformly bounded on compacts of H-cap, thus there is subsequence u n converging to u : H-cap → R, uniformly on compacts subsets of H-cap, additionally that its graph Σ is CMC-H. Consequently we get that u = u + H-cap := H 2 → R, so the graph for u is also Σ will be noted Σ.
By construction, we have Γ ⊆ ∂ g Σ, to proof the return, suppose by contraposition that q / ∈ Γ and assume that q lies below Γ (analogous when p lies above Γ). Around q use as barriers the surface to proposition 3.4 where we can choose t so that ∂ g (H-hiper + t) is above q and c can be enough small such that the graph H-hiper + t doesn't intersect Γ n to n large, so for n large the boundary of Σ n is above H-hiper + t, so Σ n also, therefore ∂ g Σ does not contain the point q, figure 10. Figure 10 :
